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ESSENTIAL NORM ESTIMATES FOR THE B-NEUMANN OPERATOR ON CONVEX 

DOMAINS AND WORM DOMAINS 

ZELJKO CUCKOVIC AND SONMEZ §AHUTOGLU 


Abstract. In the paper we give a lower estimate for the essential norm of the 3-Neumarm opera¬ 
tor on convex domains and worm domains of Diederich and Eornaess. 


Let n be a bounded pseudoconvex domain in C” and bCl denote the boundary of O. The 
space of square integrable (0, ^^)-forms on O is denoted by (Q) for 0 < q < n. In this paper 
we will only consider (0, ^^)-forms instead of (p, ^^)-forms because the theory is independent of 
p. The operator 9 : (O) —)■ (Q) is a closed, linear, and densely defined unbounded 


L^Q^^(n). This is an imporfant 


operator and it has a Hilbert space adjoint 9 : 
operator in complex analysis. 

The 9-Neumaim operator, denoted by Ncj, is the solution operator for the complex Laplacian 

L?n -',(0). The 9-Neumaim operator is a self-adjoint bounded lin¬ 


□(j = 99 +9 9: (O) 




ear operator on (O) and 9 Nq gives the solution operator for 9 with minimal norm. Sobolev 
regularity properties of Nq are imporfanf in several complex variables and have been widely 
studied. For a survey of such results we refer the reader to flBS99l . For more information about 
the 9-Neumaim operator we refer the reader to two excellent books on the subject HCSOlilSfrlOl . 

Compactness of the 9-Neumaim operator is stronger than its global regularity IIKN651 . There 
are potential theoretic (Property (P) of Catlin IICat84l and Property (P) of McNeal IIMcN02i l as 
well as geometric f llMS07llStr08i l sufficient conditions for compactness. Yet, it is not clear if these 
conditions are also necessary in general. In case of convex domains compactness of Nq is well 
understood. Fu and Straube in IIFS981 showed that for 1 < q < n the following conditions are 
equivalent: compactness of Nq, the domain satisfying Property (Pq), absence of ^^-dimensional 
varieties in the boundary of the domain, and compactness of the commutators [Pq-i,Zj] for 1 < 
i < n (here Pq-i is the Bergman projection on (0,q — l)-forms). For more information about 
compactness of the 9-Neumarm problem and related topics we refer the reader to the survey 
IFSOli and the book UStrlOi . 

The aim of this paper is to quantify the failure of compactness of the 9-Neumarm operator in 
terms of boundary geomefry. As far as we know this is the first attempt in that direction. 
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Let X and Y be two normed linear spaces and T : X —> Y be a bounded linear operator. The 
essential norm of T, denoted by || T||e, is defined as 

||T||e = mf{||T — X|| : X : X —> Y is a compact operator} 
where ||.|| denotes the operator norm. 

The motivation for this paper came from a previous paper |C§| in which we studied the es¬ 
sential norm estimates for a Hankel operator Hq, = [cp, P] in terms of the behavior of the symbol 
(p on the discs in the boundary. Compactness of the 9-Neumaim operator is closely coimected to 
compactness of Hankel operators (see | ^§12| (J§14|). We note that, it is still unclear if compact¬ 
ness of H(p on A^{Ch), the Bergman space on O, for all <p G C(n) is sufficient for compactness of 
N. This is known as D'Angelo's question. 

The plan of the paper is as follows: In the next section we will state the main result. Theorem 
[H, establishing a lower bound for the essential norm of Nq on convex domains in C”. Then we 
continue with a section devoted to Theorem |2l an application of our techniques to get a lower 
bound for the essential norm of the 9-Neumaim operator on the Diederich-Fornsess type worm 
domains. Finally, in the last section we present some basic facts about the essential norms of 
operators, the Proposition [1} and the proofs of Theorems [1] and |2l 


The Main Result 


Throughout this paper ||/|| will denote the norm of the function /. When we want to 
emphasize the domain we will denote the norm on O by ||. ||n- Let us define Cg (O) to be the 
set of real-valued functions that are C^-smooth on O and vanish on hCl. Let us also define 


Aq = sup 


^fnX(z)dV(z) 

llVxll 


: X e cj(n) andx^O 


where Vx denotes the (real) gradient of x- Let r = (ri,... ,r„). By r > 0 (respectively r > 0) we 
mean ry > 0 (respectively rj> 0) for 1 < j < n. We will denote the polydisc in C” centered at w 
with polyradius r > 0 by D(w, r) = (z G C" : |zy — Wj\ < ry, 1 < ; < n}. We use the convention 
D(w,0) = {w}. We define /3D(a;,o) = 0 ^ud 


f^D{w,r) 


\^n 1 

l^k=l p- 


if r > 0. 

We note that Ad is the square root of the torsional rigidity of D when D is a simply coimected 
domain in C. Physically, torsional rigidity of D C C is proportional to the discharge of a viscous 
fluid flowing through a pipe with the cross section D (see IIPS511 pg 103]). 
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Theorem 1. Let Cl be a bounded convex domain in C” and tq denote the diameter of O. Assume that 
is the largest dimension of the (affine) analytic varieties in bCl. 


If q > qn = 0 or q > qci > 0 then ||N^||e = 0. 
ii. If 1 < q < qci A n — 1 then 


(Z- ( Tl 1 

\Na\\p > ^ —- sup < '■ D{w,r) is qa-dimensional polydisc in bCl with r > 0 


^q\\e ^ 


where 


2(?n 


C{n,qn) = 


{qn + 3to 


-1 


(n + 2'^‘toi+'^' 
hi. Ifl<q<qci = i^ — I ^^<1 C^-smooth boundary then 
(n-1)! 


Nn e > 


7T«-1t2”-2 


Q 


Ay sup < : M is an affine (n — 1)-dimensional variety in bCl 


Let D be the unit open disc in the complex plane and A{a,b) = {a b^ : ^ G D} where 
a,b ^ C”. So A{a, b) is an (affine) disc in C” centered at a with radius \b\ and A{a, 0) = {a}. Then 
iii. in Theorem [T] leads to the following corollary. 


Corollary 1. Let Cl be a bounded convex domain in with C^-smooth boundary. Then 


|Ni||.> 


'bCl 

2t2 


where ri,{^ = sup{ |&| : A{a, b) C bCl} and To denote the diameter of Cl. 


We note that the inequality in the corollary above is due to the following fact: for a convex 
domain M C C we have A where r^ denotes the radius of the largest circle 

contained in M (see UPSS 11 pg 99-100]). 


Remark 1. The essential norm of a self-adjoint operator is related to the essential spectrum (part of 
the spectrum that is the complement of the eigenvalues with finite multiplicities) of the operator. 
More precisely, if T is a self-adjoint operator and cre(T) denotes the essential spectrum T, then 
||r||e = sup{|A| : A G (7'e(r)}. Since Nq is self-adjoint our results give lower bound estimates for 
the radius of the essential spectrum of Nq in case the domain is bounded and convex. 


Application to Worm Domains 


Let us start by defining more general versions of Diederich-Fomsess worm domains. Let r > 
1, /3 > 0, and 


|0/I,r(zi/Z2) 


2 ^ _ 


l + G(|z2|^-r^)+G(l- |Z2|^) 
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cr{t) = 


where 

Me-l/^ 
0 , 

for M > 0. Then for large enough M the domains 

ap,r = 


t > 0 
t < 0 


,r = |(zi/Z2) e : |0/5,r(zi,Z2) < o| 


'A 

are smooth bounded and pseudoconvex (see ]B§12[ Proposition 1]). These domains have a total 
winding of 2/3 logr and contain the aimulus A,- = {^ G C : 1 < |^| < r}. 

Worm domains originally have been constructed to show that some smooth bounded pseudo¬ 
convex domains do not have Stein neighborhood basis for their closures IIDF77I . However, they 
turned out to be a class of domains with irregular Bergman projections and 9-Neumaim opera¬ 
tors iBar92llChr96[|KP08l . Now they are considered one of the important classes of domains in 
several complex variables. We choose to work on these domains rather than the original worm 
domains because we can decouple the winding numbers from the size of the aimuli. 

In the next theorem we give a lower bound estimate for the essential norm of the 9-Neumaim 
operator on worm domains defined above. 

Theorem 2. Let r > 1 and fi > 0. Then the d-Neumann operator on has the following essential 

norm estimate 

'p^ + 1 


> max 


2 log // / TT 2|6 log J/ ' ^ j 


It is interesting that the estimate in Theorem |2] depends on the winding number as well as 
the size of the armulus in the boundary. In contrast, the irregularity results of the 9-Neumaim 
operator on the worm domains depend on the winding number only IIBar92[ B§12|. 


Proofs 

We will need the following lemmas for the proof of the theorems. 

Lemma 1. Let X and Y be two Hilbert spaces and T : X ^ Y be a bounded linear operator. Then 

l|r||2 = ||r||2 = ||rr||e = \\TT*\\e. 

Proof. Let us define T :X©y —)-X©yby T{x,y) = (0, Tx). Then ||r|| = ||r||. First we will 
show that II r||e = IIr||e. Let X : X—)■ y be a linear compact operator. Then IIT — X|| = ||r —X|| 
where the linear compact operator K : X®Y —)-X©yis defined by K{x,y) = {0,Kx). Hence 
taking infimum over X implies that ||T||e< ||T||e. 

To show the reverse inequality, let ttx and TTy denote the projections from X © y onto X and 
y, respectively. Let X : X©y —)■ X©ybea compact linear operator. Then the component 
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operators Ki = rcxK and K 2 = rcyK are compact. Let us define T 2 = nyT. That is, T 2 {x,y) = Tx. 
Then 

\\f-Kf =\\Kif+\\f2-K2f 

> sup ^^\\Tx — K 2 {x,y)\\‘^ : ||x||^ + ||i/||^ < l| 

> sup I ||Tx — ]<C2('^/0) 11^ : II^11^ < l| 

= \\T-Kf 

where K : X —> Y is a compact operator defined by Kx = K2{x,0). Taking infimum over K we 
get ll^ll e ^ ll^lle- Therefore, we showed that 

(1) 11^11.= I|r||<^- 

We will continue the proof with computing T*. Let x, u G X and y, y G Y. Then 

{f*{x,y),{u,v)) ={{x,y),f(u,v)) 

= ((x,y),(0,Tu)) 

= ((ry,0),(u,z;)). 

Hence T* (x, y) = (T*y, 0), || T* || = || T* || and, as was done earlier in the proof, one can show that 
||T*||e = 11T* lie. Furthermore 

rf(x,y) = r(o,Tx) = (rrx,o) 

and 

ff*{x,y) = f(T*y,0) = (0,TT*y). 

Therefore, 

(2) ||T*r||e = ||rf||eand ||rr||e = ||fr||e. 

Finally the fact that the Calkin algebra on a Hilbert space is a C*-algebra (see, for example, 
IlConOOt 5.6 Theorem]) implies that 

l|f||2 = ||r||2 = ||rf||e = ||fr||e. 


Now combining the equality above with equalities dD and © we get 

11 112 11 112 11 X"* X" 11 II XX* II 


Hence the proof of the lemma is complete. 


□ 


Remark 2. We use the Lemma above to show that the lower estimate in |C§ Theorem 2] is sharp, 
in case (p(z\,Z 2 ) = Zi. First one can show that H^^{z[z 2 ) = HP{z[)z 2 for all j,k > 0 and 
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{H^z[, H^z\)][:) = 0 unless j = k (the inner product is on D). We use this fact in the equality 


below. In the computations below we denote the domain as a subscript unless it is 

2 


hF, E 

j,k=0 


E 

i,k=0 


Cli. 


jkl 


rjD 7 


D 




'I 00 

^ V " 1/7 | 2 | u / ||2 | Ufc ||2 
— 9 I^jkl I|2i||dI|2'2IId 


j,k=0 


In the last inequality we used the fact that 


HP 


E 

;, fc =0 


= 1/ (see IIOR161 Theorem 1]). Therefore, 


H-. 


Zl 


D2 


< 1 /V 2 . 


Next we will show that 


Hf 

Zl 


> 1 /V 2 . Since (hP) hP is a self-adjoint compact operator 


Zl 


and its norm equals 1/2, there exists an eigenfunction f G A^(D) such that 


HP) HP/(zi) = 


D. 


/(Zl) 


Then for k > 0 we have 


, 2 \ * 


/(zi)z: 


HP j HP (/(zi)z^) = ((HPj HP(/(zi))j z^ = 

That is, 1 / 2 is an eigenvalue for (HPF HP^ with infinite multiplicity Then 1 /2 is in the essen¬ 


tial spectrum of ( HP^ j HP^ (see MCon90[ Chapter XI, 4.6 Proposition]) and 


Zl 


HP‘ 

Zl 


H 


D2 


Zl 


1 

> -. 
- 2 


So 


Therefore, 


V2 


< 



)*hp^ 

_ 

CM 

< 

Hf 

V 21 y 

Zl 

e 

^1 

e 

Zl 


< 


V2- 


Hf 

_ 


Zl 


Zl 


= I/V 2 . 


Remark 3. Let O be a bounded pseudoconvex domain in C”. Let us define the operator : 
A^(Q) —)• ^dcpf ~ ~ ^ 1 < fc < n. This can be seen as 

follows: Let {/y} be an orthonormal basis of A^(n). Then using the fact that compact operators 
turn weakly convergent sequences into convergent sequence we conclude that 
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for any compact operator K : A^(n) —> Hence, 1 < IlMg^Jle < — 1- 

Let d*Ni^a denote the restriction of d*Ni onto (O), the (0, l)-forms with square integrable 
holomorphic coefficients. Then one can show that 


\Hz,\\e< l|a Ni„ 


a\\e 


IM- 


dzi. 


for k = 1,2,... ,n. The fact that ||e = 1 implies that 

||9*Ni||e > \\d*Ni^a\\e > max { 11J | g :k = l,2,...,n}. 
Therefore, in case O = J2p- we get (see Corollary |3l) 


|Ni||g = ||a Ni|| 2 > a 


> 11% f = 

— M ^\\\e 9 


Comparing this estimate to Siqi Fu's result in PFu07l pg 729] about the bottom of the spectrum 
of Di shows that our estimate is not sharp on the bidisc. Indeed, the bottom of the spectrum of 
□i on the bidisc is /g ^/4 ~ 1.44576576 where /q,! ~ 2.4048 is the first positive zero of the Bessel 
function of order zero. So ||Ni \\e = 4/yg ^ ^ 0.69 > 1/2. 


Lemma 2. Let X, Y, and Z he Hilbert spaces, and Ti : X —^ Y and T 2 : X ^ Z be bounded linear 
operators. Assume that T : X —)■ Y © Z be given by T = Ti (B Ti- Then 

\\nl = \\^i\\l T \\^ 2 \\l 


Proof. Let ny and nz denote the projections from Y © Z onto Y and Z, respectively. Assume that 
X:X—)-Y©Zisa compact operator. Then Ki = nyK and K 2 = nzK are compact and 

||t-x|| 2 = ||T2-X2f > ||Ti|| 2+ ||r2||^ 

Then taking infimum over K we get 

l|T||?> I|Ti||? + ||T 2 ||?. 

Similarly, if Xi : X —> Y and X 2 : X —Z are compact operators then X = Xi©X 2 :X—)-Y©Z 
is compact and 

\\Tfe < \\T-Kf = llTi -Xif + ||T2-X2f. 

Taking infimum over Ki and K 2 we get 

ITII?< IITIIAIILII?. 

Therefore, ||T||g = ||Ti||g + ||T 2 ||g. □ 


Now we will prove a more precise version of |^§14 Lemma 1]. We note that X^g (O) denotes 
the 9-closed (0, ^^)-forms on Q. 
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Lemma 3. Let Cl be a bounded pseudoconvex domain in C” for n > 2 and g G (O) where 

\ < q <n — Then there exist gj G (O) for 1 < j < n such that 


n n 

S = Y^gjAdZjand J] \\gjf < ||g 

7=1 7=1 


Proof Let 1 < ^^ < n — 1 and 

/= E'/;‘i2; = 5*N+i?e^(o,)(o)' 

l/h'? 

The symbol ^^|j| ^ above denotes the summation over strictly increasing index /. That is, / = 
jiji''' jq with ji < ji < • • • iq- Let V denote the adjoint of the exterior multiplication. That 
is, if / is a (0,^^)-form dzj V / is a {0,q — l)-form such that {h A dzj,f) = {h,dzj V /) for all 
h G L^g (n). We define fj = dZj V / for 1 < j < n. Then one can show that 

/y = fjidz^ for 1 < ; < n and / = - ^ dzy A /y 

|i|=^-i 7=1 

Every /j appears in q different ffs for / = jl. The decomposition above was observed by Jeffery 
McNeal and it has appeared in MStrlOi pg. 75]. Then 

5 //= E' J^Fidz’ 

lih-?-! 1/1='? 


where each Pj is a sum of af mosf q ferms of the form ^ because each term appears at most 
once. Now we use the fact that (xi + • • • + Xq)^ < q{xl + • • • + Xq) for real numbers xi,...,Xq to 
conclude that 

9/7? " 


a/;7 


mf<ci r E 

\l\=q-lk=l 


dzi 


for all k's. We note that q^ appears on the second equality below because each ^ appears q 
many times as Then we use UStrlOi Corollary 2.13] to get 


II. It It 

r E 

7=1 7=l|j|=^-ifc=l 


9/7? 


dzi 


= ^^E'E 

i/i='?fc=i 


9// 


dzi 


<emf+\\^y\ 


= ^ 11^1 
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Let us define gj = ^ dfj. Then WSjW'^ < IIS'P and 

g = ^*N^+ig = df= a/y A dzj =f^gjA dzj. 

^ j=i i=i 

Hence the proof of the lemma is complete. 

Lemma 4. Let Ci be a bounded pseudoconvex domain in C” and \ < q < n — Then 


-i— 


□ 


la N, 


q+l\\e ^ 


< lia H 


q ||e* 


Proof. Let (O) denote the a-closed square integrable (0, ^^)-forms. Assume that / G K^q (O). 
Then by Lemma |3] for 1 < k < n there exists f]^ G K^q such that 

/ = Y^fk^dzj, and \\fkf < \\ff. 


k=l 


k=l 


Assume that iXcj = \\d*Ncj\\e. Then for e > 0 there exists a compact operator on L^q^^(Q) such 


that 

Let us define 

Then 


la Na -K^W < Xa + e. 


s,+lf = E 3*N(A) A dZi and = £ K‘(fy) ^ dzt. 

/c=l t=l 

|S,+i/ - K‘+Jf < £ ||5*n,a - K‘ftf < IITn, - K'lp f; IIM 


k=l 


k=l 


That is, ||Sg+i - < \\^*Ncf - K^f \ as \\fk\\^ < ||/|P- We note that on we 


have 


(0,<?+!)' 


3*N+i = (J-P,+i)Vi 

because d*Nq+i is the canonical solution operator for a and Sq+i is a solution operator. Then 

3‘N+i - K^+l = 0- P,+l)(S«+l - A+l) 

where = (^ “ Pq+i)K.^q^-^ is a compact operator. Hence 

lirN,+,-Ky,|| < ||s,+,-Kyiii < ||5*n,-k5 II <«, + £. 

We complete the proof of the lemma by letting e —> 0. 


□ 


Corollary 2. Let Ctbea bounded pseudoconvex domain in C” and 1 < q < n — 1. Then 

IIhl^+I lie ^ \\P^q lie- 

Purthermore, ^||Ni|L < ||No||e < ||NiL. 

v 2 
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Proof. Let 1 < ^^ < n — 1. Lemma IH implies that 


la H 


q+2\\e — ||a Nq^iWe ^ 


< lia NJL. 


q\\e- 


Now we will use Range's formula ||Ran84[|FS01i , 

Nq = {d*Nqy{d*Nq) + {d*Nq+i) {d*Nq+f 


and the fact that the ranges of the operator (d*Nq)* {^*Nq) and {d*Nq+i){d*Nq^i)* are in Ker(d) 
and respectively. Then since L^Q^^(n) = Ker(d) © Im(d*) we can apply Lemmas[T]and 

|2]to conclude that 


(3) 


NqWi = lia nj| 4 + iia n, 


qWe 


'iq+lWe 


and I In, 


q+l\\e 


= liaX+ille + lla N, 


q+^-We- 


Then Lemma |4] implies that 


IN 


<?+l lie 


= ||a^N,+i||4+||a^N 


q+2\\e ^ 


< lia N 


f?+l lie 


+ ||a n,^|| 4 < ||N,^||^ 


Therefore, ||N,^+i||e < ||N,^He¬ 
in case q = 0, Range's formula is Nq = a Ni{d Ni)*. Then Lemma [T] implies that 

||No||e= ||a*Ni||2. 

Furthermore, using the fact that ||Ni||g = ||a*Ni||g + ||a*N 2 ||e ^ 2||a*Ni||g we conclude that, 

1 . 

^ e ^ No e ^ Nx g. 

V2 

□ 


Range's formula implies that 

Ni = (a*Ni)*(a*Ni) + (a*N2)(a*N2)T 

If the domain is bounded and in then d*N 2 is compact (the proof of this is contained in the 
proof of Theorem 2.1 in IIAS15II 1. Then Lemma [T] implies that ||Ni||e = ||a*Ni||g. On the other 
hand, ||No||e = ||a Ni||g. Therefore, we have the following corollary. 

Corollary 3. Let Cl be a bounded pseudoconvex domain in C^. Then 


|N’o||e — ||Ni I 


= l|a*Ni| 


2 

6' 


Lemma 5. Let Cl be a convex domain in C” for n > 2, p G bCl. Assume that M\ and M 2 are two 
analytic varieties in the bCl and p G Mi D M 2 . Then the convex hull of Mi U M 2 is an affine analytic 
variety in bCl. 


Proof We will use the following fact: Any analytic variety in the boundary of a convex domain 
in C” is contained in affine analytic variety in the boundary of the domain. This fact was proven 
for analytic discs in |C§09 Lemma 2] (see also llFS98n as well as IIBS921 lMcN92i L The same 
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proof works for higher dimensional varieties in the boundary of a convex domain in C” as well. 
Without loss of generality assume that 

i. n C {(zi,... ,z„) G C" : Re(zn) < 0} and 0 G bCl, 

ii. Ml and M 2 are affine analytic varieties in bCi, such that 0 G Mi D M 2 . 

Since Mi and M 2 are affine analytic varieties (using the fact that tangent space of a complex 
manifold in bCl is in the complex tangent space of bd,) we conclude that 

Ml UM 2 C {(zi,...,z„) G C” : z„ = 0}. 

Let M denote the convex hull of Mi U M 2 . Then M is contained in the complex hyperplane 
{(zi,... ,z„) G C” : z„ = 0}. If M is not an (n — 1)-dimensional complex manifold, by applying 
rotation in the first (n — l)-variables if necessary, we may assume that M C {(zi,.. .,z„) G 
C” : Re(z„_i) = z„ = 0}. Invoking the fact that Mi and M 2 are complex manifolds again we 
conclude that M C {(zi,.. .,z„) G C” : z„_i = z„ = 0}. Using this argument, finitely many 
times, we reach the conclusion that M is an affine analytic variety in bCl. □ 


Lemma 6. Let Cl be a smooth bounded pseudoconvex or a bounded convex domain in C”, p G bd, and 
hz{u)) = K{w,z)/ a/ K{z,z) where K is the Bergman kernel ofd. Then kz —>■ 0 weakly asz p. 


Proof. Without loss of generality we may assume that 0 G O. Then A“(n), the space of functions 
holomorphic on d and smooth up to the boundary, is dense in A^(n). In case of bounded 
convex domain this can be seen as follows: if / G A^{d) then the function fs{z) = /((I — d)z) 
is holomorphic on a neighborhood of d for any ^ > 0 and /^ —> / in norm as ^ > O"*". In case 
n is smooth bounded and pseudoconvex this is a result of Cafltn UCatSOi Theorem 3.2.1]. 

Let e 0 b6 giv6ri. Th6ri th6r6 6xists G A such th^t Wf — fs\\ ^ Then 


\{f,h)\ < \{f-fs,h)\ + \{fs,h)\ < \\f-fs\\ + \{fs,h)\<c+\{fs,h)\ 

However, we note that {fs,kz) = fs{z)/ a/ K(z,z) —> 0 as z — ^ p because K(z,z) — > 00 as z — )• p 
(see | UP93[ Theorem 6.1.17] and llPfl75ll l and fs is bounded. Since e was arbitrary we conclude 
that limz_^p(/, kz) = 0 for any / G A^(Q). That is, fcz —t 0 weakly as z — )• p. □ 


Proposition 1. Let dbea bounded convex domain in C” and tq denote the diameter ofd. Assume that 
bd contains a non-trivial analytic variety and q is the largest dimension of the analytic varieties in bd. 

i. If l<q<n — l then 


\d*N, 


q\\e A 


c{n,q) 


sup 




^f>D{w,r) • L){w,r) is q-dimensional polydisc in bd with r 


> 0 


where 


-1 X 1/2 


^ iq + l)^+\n-qr ? / 3 ^ 

(n + l)«+i 
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ii. Ifq = n — 1 and O has C^-smooth boundary then 


(n-l)\ 1 

|9"N„_i lie > \l -—sup {ciM : M is an affine (n — 1)-dimensional variety in bCl} . 


n'‘ 




Remark 4. Let r = {ri,... ,rn) with ry > 0 for 1 < j < n and D(0,r) = {z G C” : |zy| < ry, 1 < j < 
n} be a poly disc. Using (|5l) in the proof of Proposition [T] one can estimate 


^D(0,r) > 


Ylk=in 


22w—1 



X' 

4 


Proof of Proposition^ Let us prove i. first. Assume that l<^y<n — lis the largest dimen¬ 
sion of analytic varieties in the boundary of O. Then Lemma |5] implies that there is an affine 
^y-dimensional analytic variety in bCl. By applying a holomorphic affine transformation if neces¬ 
sary, we may assume that 

a. bCl contains a nontrivial ^y-dimensional poly disc M = D(0, r) where 1 < < n — 1 and 

r = {ri,...,rf) for U>o for all j, 

b. M X {0} C n {z G C" : Zq+i = • • • = z„ = 0}, 

c. there are no analytic discs in bCt transversal to M. 

Let Ma = AM C M for 0 < A < 1 and let us denote z' = {z\,... ,Zq) and z" = {Zq^\,.. .,Zn) for 
z = (zi,... ,z„). Assume that 

n c {z' G : ||z'|| < Tn} X {z" G C”“'^; ||z"|| < Tn,Re(z„) > 0}. 


Let {py} C Qg = {z" G C” : (0,z") G n} be a sequence (to be determined later) converging to 
the origin and 

Then ||/y||os = 1 arid Lemma [6] implies that the sequence {/y} converges to zero weakly as 
Py —> 0 G bCks- One can show that convexity of O implies that Ma x (1 — A)Qs C O. 

We use HBlolSi Theorem 1] (a version of Ohsawa-Takegoshi Theorem IIOT87I ) repeatedly q 
times with D = {z G C : |z| < Tq} and the fact that Cd(0) = a/ 7tK]j{0) = 1/tq to extend ffs to 
n, we call the extension /y, such that 


(4) 

and/y(0,z") = fj{z"). Let 


/yllo < 


XjiO = 


nX^rj 


1 - 



for ^ G C. 
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Then Xj ^ C“(C) and Xj{^) = 0 for |^| = Ary. Using polar coordinates, one can compute that 

X0)dVi^) = 1, 

4 


•UI?l<Ar,}' 


'{ia<Ar,} 


IXjiOl dV{z) = 


SnX^rY 


•UlfUAry} 




Let 


Fj = fjdzi A • • • A dzq and O = xd^i A • • • A dzq 
where x{^') = Ai(zi) • • • Xqi^q)- Assume that d denotes the formal adjoint on d. Then 


k=l 


k-1 dX 


dzi 


dz\ A • • • A dzfc A - • ■ AdZq 


where dzj^ means that dzj^ is missing. Then 

/ \Xzj{^')?dV{z') = j 

./Ml ’ 


'{|?l<Ar,} 


iXi)z,i^)\^dVi^)Yl , 

ic^;A{|?l<A'-d 


xMFdV(() 


2 4 

n 


7rA4r4 ^ 3nX^rl 


22q 


-1 


1^1 

l^q-lrcqX^q+l yl y2 


Then 

(5) 


22q 


-1 


Afc=l r? 


I^^^IIma 3'?-i7rU2'?+2nEiT?' 


Now we will derive an integration by parts formula for fy's. Let G = gdzi A • • • A dZq where g 
is a square integrable holomorphic function on O. Then 

9 NqG = E §kdzi A ■ ■ ■ A dz}^ A ■ ■ ■ A dZq + H 

k=\ 

where g^'s are square integrable functions and H is a (0, — l)-form that includes terms con¬ 
taining dzj for some y > -|- 1 (in case of = 1 the form H is zero). Since G is a 9-closed form 

G = 99 NqG. Then by comparing the types of forms in G and 99 NqG we conclude that 


dd*NqG = E(-l)'^“^^rfzi A • • • 
k=l 


dzi 


A dzn. 
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Then 






Now we apply the equality above to fy's. For a fixed j we have 


[ {^,dd*NcFj) = [ 

Jmx Jmx 

Then (we emphasize the variables in the first line below) using the fact that x{z')dV{z') = 1 
in the first equality below we get 

=X{^) f xW)dV(z') 

JMx 

= [ x{z')fj{z',z")dV{z') 

JMx 

= [ 

JMx 

= [ (mXN^Fj) 

JMx 


We take the norm square of both sides and integrate in z" variables on (1 — A)Qs to get 

(6) lP*Nf;H > l|5*N,F;llM,x(i-A)n, > 

Now we will compute ||/y || (i-A)ns- Let us apply the reproducing property of -K(i_A)ns (P;/ •) to 
Kctsi-^Pj) on (1 - A)ns. 

KaXVjrVj) = / ^{i-mXVirz")Kn,{z",pj)dV{z") 

< ll^(i-A)ns (P;/ •) II (i-A)nJI (•/ Py) II (i-A)ns 

= y/^(l-A)a (pp Pj) II^W (•/ Pj)ll(l-A)Qs- 

We used the Cauchy-Schwarz inequality for the inequality on the second line. Namely, we get 

Kn,{pj,pj) ^ ll^a(-^ Pi) ll(i-A)ns 
%-A)a(P7VP/) “ ■^n.(P;VPy) 
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Hence if we write the right hand side above in terms of fj and use 


K(i-A)nAPi'P}) = 


1 


(1 - A)2(«-'?) 




Pj Pi 


1-A'l-A 


we get 
(7) 


,ril2 ^ Kn,{pj,Pj) Kn,{pj,Pj) 


Let ci > 0, A = and ps = Spo where po = (0,... ,0,1). We note that p^ G Cls for small 
^ > 0. Let us define Ta:(z) = z + (0,...,0, a). Since Og is convex, we can choose U small enough 
so that Ta(Cls nU) C Clg. Since there is no analytic disc in the boundary of Qg through pg, IIFS98[ 
Proposition 3.2] implies that po is a peak point and in turn llNik02l Theorem 2] implies that for 
e > 0 there exists > 0 such that 0 < S < Sg implies that 

Kns{ps>Ps) > - £)Kctsnu{ps,Ps)- 

Furthermore, we have 

Kctsnuips^ps) = KTa{Ci,nu){ps+ci,ps+a) > Knsips+a^ps+a)- 

Therefore, 

(8) Kdsips^ps) > (1 - e)t^Qs(|0<5+A;/|0<5+fl;)- 

Now we choose {pj} as pj = pi/j = (0 ,... ,0,1/j). Note that S + oc = S/{1 — \). Let us choose 
S = 1/j. Then ps+a = |0<5/(1 — T) = pj /(1 — A). Furthermore, the fact that e is arbitrary and © 
imply that 

KnAPj'Pj) 


lim inf 

j —>00 


I- / Pi Pi 

I 1 -A' 1 -A 


> 1 . 


Then © and © imply that 

(9) 

Now we want to find 


lim inf ■ 

_/—)-oo 


//ll(l-A)ns ^ \2ci+ 2(-^ _ ■^\2n-2q ^‘^ 

11.(1.1^119 — V / n2q—lsr‘^ J_ 

^ ^k=\ P 


|2 

IMa 


sup ^A^^*' : 0 < A < l|. 

One can compute that the maximum of /(A) = — A)^”“^'? over the closed interval [0,1] 

is attained at A = (^^ + 1) / (n + 1) and it is 

{q + 

(n + 1 ) 2«+2 
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For the rest of the proof of i. we fix A = (q + 1)/(n + 1). For any e > 0 given we choose a 
compact operator such that 

lia^Ng-K^II < ||a*N^||, + e. 


Let us choose a subsequence of {Fj}, if necessary, so that f, —f weakly One can show that 
F = fdzi A • • • A dzcj for some / G A^(Cl). One can also show that ||f || < liminfy^oo \\Fj\\- 
Furthermore, K^iFj — f) —> 0 and 


\d*Na 


> lim sup 


|3‘n,A-F)I 

116- - F|l 


— e > lim sup 

y —>-00 


9 Nc,{Fj-F)\ 


— e. 


We note that f |(i-A)ns = 0- This can be seen as follows: Let K^i denote the Bergman kernel of 
n and z G (1 — A)ns. We remind the reader that Lemma [6] implies that {fj} converges to zero 
weakly Then 

f(z) = (f,fCQ(.,z)) = lim(fy,fCo(.,z)) = lim fj{z) = 0. 

/—>00 y —>00 


Hence ||//-/||(i-a)q, = 




11^ > lim sup 


Since e is arbitrary we get 



2^ {q + OLi 4 

" - (n + l)2«+2 22 '?+!eLi 


{c{n,q))^ 2 

2 q PD[w,r)- 

Tn 


This finishes the proof of the first part. 

Now we will prove the case q = n — 1. In this case we denote z = {z',Zn) G C” where z! = 
(zi,... ,z„_i) G C”“^. By using translation and rotation if necessary, without loss of generality, 
we may assume that 


i. Q C {z' G C” ^ : ||z'|| < To} X {z„ G C : |z„| < To,Re(z„) > 0}, 

ii. M = {z' G C”“^ : (z^O) G bCi} is (n — 1)-dimensional affine variety 


Since in this case we assume that O has C^-smooth boundary for e > 0 there exists a wedge 

W;“_, = jre'® G C : 0 < r < ro, |0| < 
such that M x W^°_£ C O. We choose 
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where oc; = 1 — 2 Then/y —^ 0 weakly in L^(Q) and using i. above one can compute that 


< ^ 


^ 22/y||z'||<Tn 


dV{z') 


rTn 

d9 


-n/2 Jo r ) 


2n-2 2-2a; 
2.,^ = 7ra;2„-2T^ 


where C 02 n -2 denotes the volume of the unit ball in IR^n 2 y-g compute ||/y || ^^'-o 


> — 


1 f{n-e)/2 


de 


^’'0 dr 


2-2ol 


^ ^n-e 22/ J-(^rc-z)l2 Jo r^‘^i 


2..-1 = 


Let 


fy = fjdz\ A • • • A dZn-\ and O = A • • • A dz„_i 

where x ^ C^(M) not identically zero and ;^ = 0 on the boundary of M. Then for z„ G we 
have 

1 


ihJ Jm 


x{z')dV{z')= x{z')fj{z)dV{z') 


IM 


= / (o,aa 


/M 


= / (a<i>,a*N„_if^) 

7m 

We nofe fhaf, unlike the previous case, in the computations above x is not necessarily radially 
symmetric. Then by integrating in the last variable we get 

fMXiz')dV{z') 


( 10 ) 


|a Nn-lFj\\ > ||a Nn-lFj\\^^^ro > 


|ao| 


M 


■WfjWwy- 


Furthermore, the fact that ||a<I>||^ = || V;^||m/ 2 and the estimate ||/y|| 


2 >(n — e)rQ ^^Mmply 


F'wIF. - 


that 


Finally, 


|9 FJn-lFjW > ||a N^-ifyll^^^i-g^ > 




|VtI 


M 


n — e)r, 


2-2a 

0 


|a*N„_i||e >limsup 


||a Nn-lFj 


y—>00 


2S„x(z')dV(z') 
- IVxIIm 

_2/m2C(z')^^(z' 


\ 


,71 — £ r 


2-2a 

0 


2n-2^Z-2iXj 


^^2w-2Tq Tq 


71 — £ 


|VtI 


M 


2n-2' 

nCV2n-2T^ 
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Since e was arbitrary we get 




II^A^IIm \/<^2n-2T^ ^ 

Therefore, taking supremum over x arid using the fact that co2n-2 = 7r”“^/(n — 1)! we get 


> ‘^M 


(n-1)! 1 

TtM —1 _M —1 


for every M. 


□ 


Remark 5. The proof of iii. of Theorem [T] can be modified fo work on producf domains even 
though they do not have -smooth boundary Let Lf be a bounded pseudoconvex domain in 
C” and = {z G C : |z| < r} x U. Then the proof of iii. in Theorem [T] modified fo work on O,- 
with M = U implies the following essential norm estimate of N„ on Dr- 


IN, 


> a 


nl 


n\\e ^ ^nrr-2n- 
71 ” T, 


n. 


Combining fhis esfimafe with Hormander's estimate for fhe norm of Nn on we get 


n\ 


a 


U T^nj2n 


n. 


II II ‘'O 

< IIN„ < e-^ 

n 


Then letting r go to zero (hence To, —t tjj) we get 


Oiu < 


n 


en'^‘ 




When {J = D this inequality is not sharp because 4:^/^ > ao = Vtc/T. (see Remark [6l). In case 
LI is a simply cormected domain in the complex plane it is known that 

V'(U) 


CL\j < 




This is known as Saint-Venants inequality (see MPSSli pg 121] and also llMak66ilBFL141[FK15B ). 


Now we are ready to prove Theorem [H 


Proof of Theorem^ The proof of i. follows from Corollary |2] and fhe fact that if the boundary of a 
bounded convex domain O does nof contain any analytic variety of dimension greater than or 
equal to q > 1 then Nq on Q is compact MFS98i Theorem 1.1], 
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To prove ii. let us assume that The fact that dNq is compact for q > qn + l 

together with i. in Proposition [T] and the first equation in @ imply that 


IM 


'Inlle 


= \\d*N, 


> 


<10 lie 

C(n,t^Q) 

2i?n 


sup I : D{w, r) is ^^Q-dimensional polydisc in hCi with r > o| 


{qa + - qciY^ 3 "?*^ 1 


(n + 1 ) 2«+2 


22'ln+i ■ 


where 

C{n,qci) = 

Then Corollary |2] implies that 

||N^j||e > 2qn {i^D(wr) ' D(w,r) is ^^o-dimensional polydisc in iiO with r > 0 

for 1 < ^^ < qci- 

The proof of iii. is similar to the proof of ii. The only difference is that we use the essential 
norm estimate for 9*N„_i in ii. in Proposition [U □ 

The following lemma will be used to compute aq in case O is an aimulus in C. 

Lemma 7. Let Ci be a C^-smooth bounded domain in C and u G C^(Q) D C(n) be the real valued 
function satisfying the following properties: u = 0 on bCl and Uzz = —1 on Cl. Then 

_ /n“(z)^^(z) _ lu. II 

— II II — II II • 

II II 

Proof Using the fact that u is real valued together with integration by parts we get 

||mz||^= / Uz{z)uz{z)dV{z) = — / u{z)uzz{z)dV{z) = / u{z)dV{z). 


In. 


m 


m 


fyu{z)dV{z} 


= Uy 


Also one can check that || Vm|| = 2||mz||. Then aq > 

II 11 

To get the converse. Let / G C^(n) fi C(n) be a real valued function that vanishes on bCl and 
/ ^ 0. Then 


j^f{z)dV{z) = - j^f{z)Uzziz)dV{z) = j fz{z)uz{z)dV{z) < \\fz\\\\uz 


That is. 


fymdViz) 

IIMI 


< 11 Uz 11 • Taking supremum over / we get Ao < 11 Wz 11 • 


□ 


Remark 6. Let be the open disc with radius r. Then one can compute = V n/Tfy because 
in this case u{z) = r^ — \zf. 

Now let us compute for the armulus = {z G C : 1 < |z| < r}. The function 


u(z) = r — z — 


r^ — 1 
logr 


(logr — log |z| 
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satisfies the conditions in the lemma. That is, u^z = — 1 on and u 

Uz 

and one can compute that 


- 1 1 
logr 2z 


0 on hAy. Then 


I I|2 tt / 4 (r2 - If 

= 2 P 


We note that this is P' in UPSS It pg 103]. Therefore Lemma [T] implies that 


( 11 ) 


O^Ar = 



logr )' 


Now we are ready to prove Theorem |2j 


Proof of Theorem^ Let us denote A^ = {^ G C : a < 1^1 < b} and assume that 1 < rj < 
mtn{e^'^^^,r}. Since 2/3log?/ G (0, tt) for every 0 < e < tt — 2/3log?/ there exists ^ > 0 such 
that we can put a wedge with angle n — 2/3log?/ — e and radius ^ > 0 in the domain that is 
perpendicular to A^^f More precisely, 

^ ^ H {(zi,Z2) G ; 1 < |z2| < rj} 

We can also put D {(zi,Z 2 ) G : 1 < |z 2 | < ?/} in a similar product space. Hence we have 

X ^ ^ {(zD^z) G : 1 < |z2| < ?/} ^ Wj+2/31og^ X AJ 

We use the same sequence of functions 

^ 

as in the proof of Theorem [H Let Xrj be a function independent of Zi such that = 1 if 

1 A |z 2 | <7 and Xrjizi) = 0 otherwise. Then 

Wfjfs = {n - and \\Xijfjf < n{n + 2f logt] ){tj^-1)2^-^^ i. 

Let X ^ C^(A 4 ^^) be a real valued function such that ;\; = 0 on the boundary of A^^^ and 
//!'/-': {^i) = 1- We think of as a function of Z 2 . Then by similar computations as in (ITOl) 

^1+e 

for Fj = Xvfi‘^Z 2 we get 

2 ll/y II o _ 

l|9*Ni(^^/yrfz2)|| > — 11 ^ - 5^-^i^n-2flogr] -e. 

lIVTiU.- l|V^||^,-c 
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Then 


|9 Ni||e >limsup 

y—)-oo 


WxfifjW 


-V^-2/ilogy-e 

W^xWaI-I V7r(7r + 2^1ogi/)(i/2-i) V2 




v/7r-2|61ogj/-£ 


||V;^||^^-£ ^^ 71(71 + 2|6 log I/) (j/2 - 1 ) 
Therefore, if we let e —^ 0 and take supremum over we get 


|9*NiL > 


^ 7 r( 7 r + 2|61ogi/)(?72 - 1) 
Using the fact that ||Ni ||e = ||9*Ni ||g on domains in we get 




71 — 2/3 log 1 / 


7r(i/2 — 1 ) 71 + 2/3 log 1 / ’ 
rj^ + 1 — 71 —2/3log?/ 


Then (ITTll implies that 

/j/2 + 1 

^ ^ “ V 2 2 log 1 / y 71 + 2/3 log T]' 

We complete the proof by taking maximum of the left hand side for 1 < ly < mm{e^'^^, r}. 
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